ABSTRACT. We compute the Yamabe invariant for a class of symplectic 4−manifolds of general type obtained by taking the rational blowdown of Kähler surfaces. In particular, for any point on the half-Noether line we exhibit a simply connected minimal symplectic manifold for which we compute the Yamabe invariant.
INTRODUCTION
The four dimensional case plays a special role in the smooth topology of manifolds. Unlike in other dimensions, a given topological 4−manifold may admit infinitely many smooth structures, with different geometric properties. The smooth structures can be distinguish via invariants, such as the Yamabe invariant. This is, roughly speaking, the supremum of the scalar curvature of constant scalar curvature metrics with unit volume. For 4−manifolds, the sign and the value of the Yamabe invariant can change when changing the smooth structure.
When the manifold admits a Kähler or symplectic structure of general type, the Yamabe invariant is negative. Moreover, the invariant also depends on the decomposability of the smooth structure, under the operation of connected sum with complex projective spaces with the reversed orientation. More precisely, given a Kähler surface M of non-negative Kodaira dimension LeBrun shows [16] that the invariant is equal to the Yamabe invariant of the minimal model X of M and equals:
Y (M ) = Y (X) = −4π 2c 2 1 (X). The strategy of his proof is to find first an upper bound and then show that there exists a sequence of metrics that optimizes it. In the case when the manifold is a Kähler surface or a symplectic 4−manifold of Kodaira dimension 0, 1, or 2, LeBrun shows [16] that the Yamabe invariant has an upper bound in terms of the topological invariants of the minimal model X of M :
An explicit computation of the invariant for generic spaces continues to elude us. LeBrun raised the question when the Yamabe bound (1.1) is optimized. Based on the fact that equality on one of the key estimates is obtained only for constant scalar curvature Kähler metrics, he conjectured that the Yamabe bound is optimized only in the Kähler case. We show that there is a large class of symplectic manifolds of general type for which the Yamabe invariant can be computed, and it is the expected one. [19, 25] ), or an elliptic surface, as the family of examples in Sect. 4 
Nevertheless, M can be a rational surface (see examples in

.
The geometry of symplectic 4−manifolds is much richer than that of Kähler surfaces. One can obtain new examples by considering different types of surgeries, along symplectic or Langrangian submanifolds. These surgeries can be performed within the symplectic category due to Darboux type theorems, which allow us to establish canonical symplectic structures in the neighborhood of these submanifolds. Unfortunately, these techniques are not compatible with the gluing of the Riemannian structures. In this paper, we only consider one such surgery, the generalized rational blowdown. In Sect. 2 we present an approach to the generalized rational blowdown surgery, which can be used in conjunction with a construction of preferred metrics. This allows us to compute the Yamabe invariant from Theorem A in Sect. 3.
In general, it is difficult to decide if the new symplectic manifold constructed in Theorem A admits an integrable complex structure. However, the non-existence of such an integrable complex structure follows if the numerical invariants do not satisfy either the Noether, or the MiyaokaBogomolov-Yau inequality. For minimal complex manifolds with even c 2 1 (M ), the Noether inequality is 5c
, where χ h (M ) is the Todd genus, and can be computed in terms of the other topological invariants as χ h (M ) = 1 12 (c 2 (M ) + c 2 1 (M )). The minimality of the manifold implies that c 2 1 (M ) > 0. The half-Noether line is defined to be y = x − 3, y > 0 and any minimal manifold M that satisfies c 2 1 (M ) = 2χ(M ) + 3τ (M ) = χ h (M ) − 3 is necessarily non-complex. We compute the Yamabe invariant for symplectic 4−manifolds which lie at any point on the half-Noether line.
Theorem B. For every point on the half-Noether line there is a simply connected, minimal, symplectic 4−manifold of general type M, for which the Yamabe invariant is
The above results rely on a special feature of the linear chains of curves considered. The boundary of a neighborhood of the linear chain C i is the lens space L(n 2 i , n i m i − 1). Essential in the construction is the existence of a rational homology ball B n i ,m i which also has boundary L(n 2 i , n i m i − 1) (for more details see Sect. 2). To simplify the notation, we denote by B n,m the rational homology ball with boundary L(n, nm − 1) used in the generalized rational blowdown surgery. On these spaces, the author has proved the existence of preferred metrics:
The rational homology ball B n,m admits an asymptotically locally Euclidean (ALE) Ricci flat Kähler metric g n,m . Moreover, any ALE Ricci flat Kähler surface (X, g) with Euler characteristic χ(X) = 1 is isomorphic, up to rescaling, to (B n,m , g n,m ), for some integers 0 < m < n, gcd(n, m) = 1.
To prove this theorem it was essential to require that metric is asymptotically locally Euclidean (see Sect. 2 for the exact definition). This property allows us to construct a one point conformal compactification of B n,m , which has positive orbifold Yamabe invariant, which in turn is used to prove Theorem A. More precisely, we prove the following proposition which is of independent interest: Proposition C. The rational homology ball (B n,m , g n,m ) admits a one-point conformal compactification ( B n,m , g n,m ) with positive orbifold conformal Yamabe
Moreover, there is no solution to the orbifold Yamabe problem on
This proposition is an extension of Viaclovsky's result on ALE hyperkähler 4-manifolds [32,
Behind most of the results in this paper is the Seiberg-Witten theory. This is essential in the computation of the invariant in Theorem 3.2 and the curvature bound 1.1. For Propositions 2.3 and 2.4, where Seiberg-Witten theory can be used in the proofs, we give alternative, topological or differential geometric arguments.
At the time when this paper was written, Suárez-Serrato and Torres [27] have posted a result on the computation of the Yamabe invariant for symplectic 4−manifolds of Kodaira dimension 0 and 1.
THE GENERALIZED RATIONAL BLOWDOWN SURGERY
The (generalized) rational blowdown is a surgery construction specific to dimension 4 introduced by Fintushel and Stern [8] . It is the analog of the blow-down construction in algebraic geometry, and it is motivated by the study of the local structure of cyclic quotient singularities.
In complex dimension two, quotient singularities of finite cyclic groups and their minimal resolution are well understood. We denote by C 2 / 1 p (1, q) the quotient of C 2 by the finite cyclic group of order p acting diagonally with weights 1 and q, for q < p relatively prime integers. We say that we have a singularity of type 1 p (1, q). Its minimal resolution consists of a connected chain of transversal rational curves E 1 , · · · , E k , with the self-intersection E 2 i = −e i , e i ≥ 2 given by the Hirzebruch-Jung continued fraction
, where L(p, q) denotes the lens space associated to C 2 / 1 p (1, q) and T ≫ 0. In the case when the singularity is of type 1 n 2 (1, nm−1), with n, m relatively prime integers, Kollár and Shepherd-Barron [14] exhibit a one-parameter smoothing for which the associated Milnor fiber is a rational homology ball B n,m . The induced complex structure J on B n,m has the property that the n th tensor product of the canonical line bundle, K n Bn,m , is trivial. Let M be a 4−manifold containing a linear chain C n,m of embedded 2−spheres E 1 , · · · , E k , which have negative self-intersections (−e 1 , · · · , −e k ), where e i are obtained by the continued fraction expansion of n 2 nm−1 . We construct a manifold N by removing a small tubular neighborhood of the configuration of spheres, and gluing in the rational homology ball B n,m , by identifying the two neighborhoods of infinity which are of the form L(n 2 , nm − 1)
. This surgery was introduced by Fintushel and Stern [8] in the case when m = 1, and it is called the rational blowdown. In general, the construction is known as the generalized rational blowdown. Symington [29, 30] proved that when M is a symplectic manifold and the chain C n,m is formed by symplectic submanifolds, than the new manifold N admits a symplectic structure. Throughout this paper, we do not emphasize a particular choice of a symplectic structure. The existence of one such structure is sufficient to prove the curvature estimate (3.3).
One can also consider Kähler surfaces M containing configurations of complex submanifolds given by linear chains of rational curves in one of the above arrangements. A third manifold which is associated in a natural way to this construction is obtained by collapsing the chains of curves to singular points. We denote this by M . Artin's Contractibility Criterion tells us that M has a complex structure, and as we used preferred configurations, the singularities are of type 1 n 2 (1, nm − 1). Locally, the generalized rational blowdown can be described as the Q−Gorenstein smoothing of the quotient singularity [24] . In general, it is difficult to determine if the associated manifold N is Kähler or not. In particular cases, as the examples in [19, 25] , one can show that a global Q−Gorenstein smoothing of M exists and conclude that the manifold N is in fact Kähler. In Sect. 4 we give a family of examples for both cases, when the surgery yields Kähler, or non-Kähler manifolds.
Next, we emphasize some of the relations between the properties of the three manifolds. Propositions 2.1, 2.3 and 2.4 are stated for M and M Kähler surfaces as this is sufficient for our purposes. Similar statements hold for symplectic 4− manifolds, with almost identical proofs. 
Proof.
(1) The square of the first Chern class can be computed in terms of the orbifold Euler characteristic and the orbifold signature:
Moreover, the orbifold Euler characteristic and signature are related to the topological ones as follows:
where Γ i is the local group associated to the singularity, and η(S 3 /Γ i ) is the eta-invariant of the link of the quotient singularity. In our case |Γ i | is n 2 i , and the eta-invariant of the singularity is computed by Park [22, Lemma 3.2] to be:
As N is obtained from M by removing the singular points and gluing in rational homology spheres, the Mayers-Vietoris sequence and Novikov's Additivity Theorem imply that
We have immediately:
In the case when m i = 1, we only consider quotients of the form
(1, n i − 1) for which the minimal resolution is a chain of n i − 1 spheres of self-intersection (−(n i + 2), −2, · · · , −2). Hence, the rational blow-down of such a configuration increases c 2 1 = 2χ + 3τ by n i − 1 and decreases c 2 = χ by n i − 1, for each configuration.
Recall that a symplectic 4−manifold is called minimal if it does not contain symplectically embedded 2−spheres of self-intersection (−1).
Definition 2.2 ([16, 21]). A minimal symplectic 4−manifold (M, ω) is called of general type if it satisfies:
c This definition extends the classical one from the complex surface case. The first condition in the definition is topological. The second condition only depends on the underlying smooth structure and it is independent of the choice of the symplectic structure [21, Theorem 2.4].
Proposition 2.3. With the above notations, if
In order to simplify the notations, we show that c 1 (N ) · [ω N ] < 0 in the case when M contains only one configuration of curves of type C n,m . The computations extend trivially to s configurations of this type.
Let M 0 be the open manifold such that:
On M we consider the Kähler structure obtained from the pull-back of the Kähler structure on M and adding a sufficiently small multiple of a Kähler structure on the N bd(C n,m ) which is diffeomorphic to the minimal resolution of C 2 / 1 n 2 (1, nm−1). Let c 1 (K N ) and ω N be the canonical class and the symplectic form on N, constructed by Symington [29, 30] . Moreover, Symington shows that there is a symplectomorphism ψ :
and as (K M | Bn,m ) n is trivial, then:
The structure of N is in fact intimately related to the properties of M , and not necessarily to those of M. Proof. Since M ′ has ample canonical sheaf, we have c 2 1 ( M ′ ) > 0. Moreover, by the positive solution to the Calabi Conjecture for orbifolds, due to Kobayashi [13] , there exists a Kähler-Einstien metric g ′ such that ρ g ′ = λω g ′ , where ρ g ′ is the Ricci form associated to g ′ and λ < 0 is the Einstein constant. Then we have
The projection p : M → M ′ collapses only self-intersection (−2) rational curves, and hence
We can also construct a Kähler form on M by taking the pull-back of the Kähler form ω g ′ and adding a small multiple of a Kähler form ω 0 on M :
for ǫ sufficiently small. Then, by Proposition 2.3, the manifold N is of general type. One method to show that N is a minimal surface is by using Seiberg-Witten theory to show that N has a unique basic class up to sign, see [22] . We omit this proof here, and instead we give a different proof in Sect. 3, using curvature estimates.
THE YAMABE INVARIANT AND CURVATURE ESTIMATES
Let M be a closed 4−manifold. We first define the Yamabe constant, Y (M, [g]), as an invariant of the conformal class of a Riemannian metric g on M :
The Yamabe invariant is a diffeomorphism invariant of the manifold and is defined [12, 26] as:
We use an alternative description in the non-positive case which helps us to compute the invariant. 
and this infimum is precisely achieved by the metrics of constant scalar curvature.
where the infimum is taken over all smooth Riemanian metrics g on M.
Using this description, LeBrun was able to compute the Yamabe invariant in the case of Kähler surfaces of non-negative Kodaira dimension. He shows that: 3.1. The orbifold Yamabe invariant. Orbifold spaces appear naturally in the study of the moduli space of metrics on smooth manifolds [31, 1] . We only consider spaces with isolated singular points, where there exists a neighborhood (U, p) of the singular point p modeled by
where B r 0 is a ball of radius r 0 in R 4 and Γ p is a finite subgroup of O(4) acting freely on R 4 \ {0}. An orbifold metric g on M is a Riemannian metric on the smooth part of M and such that the pull-back of ψ * (g) on B r 0 (0) \ {0} extends to a smooth Riemannian metric on B r 0 (0). We denote by M orb (M ) the space of orbifold metrics on M , and by [g] orb = [g] ∩ M orb (M ) the orbifold conformal class of g. The orbifold Yamabe constant of a conformal class and the orbifold Yamabe invariant of M can be defined in an analogous way to the smooth case (see [3] for detailed definitions and properties).
Let B n,m be one of the rational homology balls discussed in Sect 2. In [28, Proposition 3.3] , the author shows that B n,m admits an ALE Ricci flat Kähler metric g n,m . The ALE requirement means that there exists a diffeomorphism,
between a neighborhood of infinity in B n,m and a neighborhood of infinity in
, where R denotes the Euclidean radius. Then if we consider the change of coordinates x i = z i /R 2 , i = 1, 2, we see that the rational homology ball (B n,m , g n,m ) admits a C 1,α conformal compactification with one orbifold point of type C 2 / 1 n 2 (1, nm − 1). We denote by B n,m the compactification. Next, we prove that the results in the hyperkähler 4−case [32, Theorem 1.3] extend to the orbifold compactification of the rational homology ball B n,m .
Proof of Proposition C. Notice that the existence of a C ∞ -orbifold conformal compactification ( B n,m , [ g n,m ]) follows directly from [6, Proposition 12] . Moreover, the arguments in the proof of [6, Proposition 13] tell us that we can choose a metric g ∞ in the conformal class of g n,m which has strictly positive scalar curvature everywhere. We can now conclude that Y ( B n,m , [ g n,m ]) > 0. We remark that in order to apply Propositions 12 and 13 from [6] we only need ALE scalar flat anti-self-dual metrics, which is a condition much weaker than the ALE Ricci-flat Kähler condition.
On the other hand, [3, Theorem B] tells us that the orbifold Yamabe invariant is bounded from above in terms of the Yamabe invariant of the 4−sphere and the order of the group of the singularity, |Γ| = n 2 :
Moreover, Akutagawa [2, Theorem 3.1] shows that if the bound is strict than there exists a metric g ∈ [ g n,m ] which has constant scalar curvature. On the other hand B n,m has fundamental group Z/nZ, and its universal covering is the manifold A n−1 , diffeomorphic to the minimal resolution of C 2 / 1 n (1, n − 1). Given the covering map c : A n−1 → B n,m , then (A n−1 , c * (g n,m ) is a hyperkähler 4−manifold. Hence, the existence of a metric of constant scalar curvature g ∈ [ g n,m ] implies the existence of a constant scalar curvature metric in the orbifold conformal compactification class of c * (g n,m ). But Viaclovsky shows that this is impossible [32, Section 4.1]. Hence the orbifold Yamabe invariant is the maximal one, and there is no metric of constant scalar curvature in the given conformal class.
Curvature estimates.
There are well-know relations between the L 2 −norms of the curvature components and the topological invariants of 4−manifolds given by the Gauss-Bonnet theorem, or the Hirzebruch Signature theorem. As we consider manifolds with special geometries, Kähler or symplectic manifolds, there are additional curvature estimates which depend on the differentiable structure (see for example [16] ). In this paper we use the following key scalar curvature bound, which relies on the existence of a nontrivial Seiberg-Witten invariant: This bound is sharp in the case of minimal complex surfaces of Kodaira dimension 0, 1, or 2 [18, 16] . In general, the class of symplectic manifolds is much larger than that of Kähler surfaces, and we do not expect that the bound is optimal for an arbitrary manifold. However, we show that this bound is also sharp for the class of symplectic manifolds constructed in Sect. 2. 
Proof. The singular points of M ′ are isolated, of either type 1 n 2 (1, nm − 1), when a configuration of type C n,m is collapsed, or rational double points, in the case when a connected configuration of (−2) curves is contracted. The singularities of the last type are of the form C 2 /G, with G ⊂ SU (2) finite subgroup, acting freely on C 2 \{0}, and are called ADE singularities, in correspondence with the Dynkin diagram associated to the configuration of curves appearing in the minimal resolution. We refer to the minimal resolution as the ADE−space. Then the manifold N is obtained from the orbifold surface M ′ by removing the singular points and gluing in rational homology balls or ADE−spaces, respectively.
The proof of the theorem follows the line of arguments in [16] , where a family of metrics saturating the bound in Theorem 3.3 is constructed. We give the explicit construction of these metrics.
Since the orbifold surface M ′ has ample canonical sheaf, then the solution of the orbifold version of the Calabi Conjecture [13] endows M ′ with an orbifold Kähler-Einstein metricĝ. The scalar curvature sĝ and Ricci formρ ofĝ satisfy:
Considerĝ−geodesic coordinates around each orbifold point of M ′ such that the metric g = g Eucl + O(r 2 ), where g Eucl and r denote the Euclidean metric and the radius associated with the chart, respectively. Let
On the complement of the open neighborhood of infinity U ∞ ⊂ B n,m we decompose the metric g n,m as g Eucl + h 2 , with h 2 ∈ O(R −4 ). We change the coordinates of
(0)), and then rescale the metric. Then, on B n,m we have a family of charts at infinity defined for r > t 2 such that the ALE Ricci-flat Kähler metric is asymptotically of the form g Eucl + h ′ 2 , with h ′ 2 ∈ O(t 2 ). The volume of the compact set B n,m \ U ∞ is rescaled by a factor of ( t 2T ) 4 . The ADE−spaces have hyperkähler metrics g hyp , with the same asymptotic description [15] . Hence, we can introduce a common notation for a neighborhood of infinity, and the metric decomposition in both cases. For the rest of the proof (U ∞ , g ∞ ) denotes a neighborhood of infinity in B n,m or in an ADE−space, which is isometric to
, respectively. In order to define a metric on N, we remove a ball of radius t around each singularity in M ′ and glue in a rational homology ball B n,m or an ADE-space. The new metric interpolates between the metric g and the rescaling of the metric g n,m or g hyp in the region t < r < 2t, for some small parameter t. As the gluing is done by identifying the region {z ∈ C 2 /G| t < |z| < 2t} ⊂ U ∞ to a region given by the same local coordinates in a neighborhood of a singular point in M ′ , we can do the gluing on the covering {z ∈ C 2 | t < |z| < 2t}.
Let φ : [0, 4] → R be a non-negative smooth function such that φ is identically 1 on the interval [0, 1] and identically 0 on the interval [2, 4] . We define the metric g t on the larger collar {z ∈ C 2 | t 2 < |z| < 4t} :
Then for r > 2t the metric g t is identical to g, while for t 2 < r < t the metric is the rescaled metric g ∞ . Hence, we have defined a family of metrics (N, g t ) .
On the interpolation region t < r < 2t we have the following uniform bounds:
where D is the Euclidean derivative operator associated with the given coordinate system, and the constant C is independent of t. Then s 2 gt is uniformly bounded as t → 0. Since the volume of the annular transition region goes to zero, we have:
The blow-up manifold, N ′ = N #lCP 2 , can be obtained from N by removing l smooth points and gluing in the total space of O CP 1 (−1), for each of the points. The total space of O CP 1 (−1) admits an ALE scalar flat Kähler metric called the Burns metric. The family g ′ t satisfying equation 3.5 can be obtained from the family of metrics g t using the explicit gluing in [16, Sect. 5] .
Remark 3.5. There is no a priori reason for the family of Riemannian metrics in the above construction to be compatible with an underlying symplectic structure.
Then, we immediately have that: Corollary 3.6. For N and N ′ given above we have:
(1)
is a consequence of the above proposition and the curvature bound in Theorem 3.3. Part (2) follows from Proposition 3.1, and the fact that the symplectic manifolds of general type have negative Yamabe invariants [16] .
We can now give a proof for the second part of Proposition 2.4:
Proof of minimality in Proposition 2.4. Assume that the manifold N is obtained by blowing up the symplectic manifold X at l ′ > 0 points, N = X#l ′ CP 2 . Then c 2 1 (N ) = c 2 1 (X) − l ′ , and by Theorem 3.3:
for any metric g on N. But this is in contradiction with Corollary 3.6.
Proof of Theorem A. Proposition 2.4 implies that N is a minimal symplectic manifold of general type. Moreover, Corollary 3.6 and Proposition 2.1 tell us that:
Moreover, as p * (K M ′ ) = K M , the above equality also equals −4π c 2 1 ( M ′ ). We only need to show that the orbifold Yamabe invariants of M and M ′ are the expected ones. In order to do this, we generalize Theorem B in [2] to include orbifolds which have singularities of type 1 n 2 (1, nm−1). We can give a second description of the manifold N as the connected sum of the orbifold spaces M and B n i ,m i , i = 1, . . . , s at the singular points. Similarly, M can be obtained by taking the connected sum of M ′ and the one-point compactifications of ADE−spaces.
In [2] , Akutagawa considers the connected sum of two orbifold 4−spaces M 1 and M 2 at two isolated orbifold points of type R 4 /Γ:
Proposition C tells us that the one-point compactification ( B n,m , [ g n,m ]) has positive Yamabe invariant. Applying Theorem A in [2] for M 1 = M and M 2 = B n,m we see that
The one point conformal compactification of an ADE−space has positive Yamabe invariant [32, Theorem 1.3] , and similarly, we have
On the other hand, M ′ admits a Kähler-Einstein metric g given by the positive solution of the Calabi conjecture [13] . This is the Yamabe minimizer in its conformal class, and satisfies:
Then we have that
AN EXPLICIT FAMILY OF SYMPLECTIC, NON-KÄHLER EXAMPLES
The family of examples described in this section was first introduced by Fintushel and Stern [8] , and later reconsidered by Y. Lee and J. Park [20] . In this paper, we follow the second description.
Let E(n) be the relatively minimal, simply connected elliptic surfaces with sections, which have Euler characteristic χ(E(n)) = 12n. The diffeomorphism type of E(n) is unique [10, Theorem 3.2.9], but the complex structure might vary. For n ≥ 4, Lee and Park [20] exhibit such a preferred complex structure with two sections of self-intersection (−n), which are part of two disjoint configurations of (n − 3) curves of type (−n, −2, · · · , −2). Let X n be the manifold obtained by contracting one chain of type (−n, −2, · · · , −2) to a singular point P of type
, and the (n − 4) spheres of self-intersection (−2) from the second chain to a singular point Q of type Proof. The first case, when n = 4 appeared earlier in the work of Gompf [9] , and the surface X 4 has only one orbifold point, which is of type 1 4 (1, 1). For clarity, we treat this case separately. Let Σ(4) = P(O CP 1 ⊕ O CP 1 (4)) be the Hirzebruch surface with a negative section of selfintersection (−4). We denote by C 0 the negative self-intersection section, and by f a generic fiber. Let D be a smooth complex curve in the linear system |4(C 0 + 4f )|. The double cover of Σ(4) branched along D is the elliptic surface E(4). As the branch locus D is disjoint from C 0 , the pullback of C 0 has two connected components, which are both sections of the elliptic fibration and have self-intersection (−4). We denote them by C 1 and C 2 . Gompf shows that if we consider the rational blowdown of both C 1 and C 2 the new manifold admits a complex structure, and it is a Horikawa surface [4] , while if we consider the rational blowdown of only one curve the new symplectic 4−manifold does not admit a complex structure. Let X 4 be the orbifold surface obtained by collapsing only C 2 . Following the description of E(4) as a double cover d : E(4) → Σ(4), we can compute the canonical divisor [4, Lemma 17.1]:
where F = d * (f ) is a generic fiber of the elliptic fibration. Let π : E(4) → X 4 be the map given by collapsing the curve C 2 to an orbifold point of type
As we can choose a representative of f ′ to pass through any point of X 4 , the Nakai-Moishezon criterion implies that f ′ is an ample divisor and as a consequence K X 4 is ample. Moreover, we have K 2
For n ≥ 5, we use the complex structure on E(n) given by the construction in [20] . In the Hirzebruch surface Σ(n) = P(O CP 1 ⊕ O CP 1 (n)), let f 0 be a fixed fiber and C 0 the negative section with C 2 0 = −n. Lee and Park show [20] that the linear system |4(C 0 + nf )| contains a complex divisor, D, which has exactly two singular points p, and q, both lying on f 0 . If (x, y) are the local coordinates at p (respectively at q), such that the fiber f 0 is given by (x = 0), then the equation of D is given by (y − x)(y + x) = 0 ( (y − x n−4 )(y + x n−4 ) = 0, respectively). We resolve the singularities of D by blowing up Σ(n) at p once, and (n − 4) times at q. We denote by ∆ the proper transform of D. To be consistent with the notation in [20] , we denote the first blowup by E 1 , and proper transform of the blow-ups at q by U n−5 , . . . , U 1 , E 2 . Notice that E 1,2 are self-intersection (−1) rational curves, while U i , i = 1, . . . , n − 5 have self-intersection (−2). We denote by U n−4 the proper transform of the special fiber f 0 . This is also a self-intersection (−2) curve. Let π : Z n → Σ(n) denote the above iterated blow-up of Σ(n) at (n − 3) points. Then we have the following computations for the canonical divisors:
Moreover, we have:
where f is the class of the proper transform of the generic fiber of Σ(n) in Z n . The double cover of Z n branched along ∆ is the elliptic surface E(n). Let d : Z n → E(n) denote the branch cover, and F the class of the proper transform of a generic fiber. The canonical divisor of E(n) is
As the branch locus is disjoint from the chain of curves C 0 , U n−4 , · · · , U 1 , its preimage consists of two chains of curves which we denote by C ′ 0 , U ′ n−4 , · · · , U ′ 1 , and C ′′ 0 , U ′′ n−4 , · · · , U ′′ 1 . By Artin's criterion we can collapse the chain C ′ 0 , U ′ n−4 , · · · , U ′ 1 , and the chain U ′′ n−4 , · · · , U ′′ 1 to obtain an orbifold surface with two singular points, which we denote by X n . Then the Hirzebruch-Jung continued fraction tells us that the singularities are of type: 1 (n−2) 2 (1, n − 3) and 1 n−3 (1, n − 4), respectively. Let π : E(n) → X n be the projection map. The projection formula implies that:
where we denote by F = π(F ). We can compute the self-intersection of F , by first computing 
and K 2 Xn
We use next the Nakai-Moishezon criterion to show that K Xn is ample. As F is the proper transform of a generic fiber on Σ(n), it will intersect any curve which does not lie on the total transform of the special fiber f 0 in a strictly positive number of points. So all we need to show is that the intersection of F with the irreducible components in the class of the total transform of f 0 is strictly positive. These components are π(C ′′ 0 ), π(d −1 (E 1 )), π(d −1 (E 2 )), which, for simplicity, we denote by C 0 , E 1 , E 2 . We have:
Hence, the canonical sheaf K Xn = (n − 2) F is ample. The fundamental group of the boundary π 1 (L(n 2 , nm − 1)) = Z/n 2 Z surjects into the fundamental group of the rational homology ball π 1 (B n,m ) = Z/nZ. We can then find a loop, which represents a generator of the fundamental group of B n,m , which is embedded in the proper transform of the exceptional divisor E 1 , as the curve is transversal to the collapsed chain. Hence, the loop is homotopically equivalent to a constant loop in the complement of the configuration of spheres which is rational blowdown in E(n). As E(n) is simply connected then so must be Y n .
Remark 4.3.
An interesting fact is that if one takes the rational blowdown of both chains of type (−n, −2, . . . , −2) in E(n), then the new manifold lies on the Noether line and admits a Kähler structure [20] .
Theorem B follows immediately from Theorem A and Proposition 4.2.
